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Many structures, both man-made and of natural origin, are composed 
of different elastic materials formed in layers. Often the layers are 
bonded together along common faces, but it can happen that the bonding 
is not perfect and flaws occur as cracks or regions of poor bonding in 
the interface. It is of importance to be able to detect these interface 
cracks, and one of the most practical methods for accomplishing this, in 
the cases of engineering interest, utilizes the scattering of elastic 
waves and the subsequent detection of these scattered waves by appropriate 
transducers. The goal of this work is to contribute to the theoretical 
basis for detecting the interface flaw by these means. 
The method utilized here to solve the plane strain interface flaw 
problem is similar to that used by Neerhoff1 for the antiplane problem. 
First we formulate the problem, where the elastic field is separated into 
the incident and scattered fields. The incident field is left arbitrary 
in the analysis until a particular choice is made later on for the pur-
pose of obtaining numerical results. In YanglO the Green's functions 
were derived for dilatational and rotational sources in the layer as well 
as the substrate. These Green's functions are used in conjunction with 
the appropriate form of Green's integral theorem, to reduce the problem 
to a system of Singular integral equations. These integral equations are 
analyzed to determine the order of singularity in the stress field at the 
crack tip, and it is found that this singularity is of the oscillatory 
type, except for a certain class of composites. The methods of 
MuskhelishviliS and Erdogan and Gupta6 are then utilized to reduce 
these singular integral equations to a system of algebraic equations 
suitable for numerical solution. 
These equations are solved numerically for several sets of compos-
ites, and the results are presented in the form of Mode I and Mode II 
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stress intensity factors plotted as functions of dimensionless wave 
number for various ratios of layer depth to crack length. 
THEORY 
We consider the steady time-harmonic plane-strain problem for the 
cracked layered elastic half space shown in Fig. 1. 
The time-reduced form of the displacement equations of motion for 
isotropic media is 
(1) 
The displacement and stress can be decomposed into the sum of inci-
dent and scattered parts according to 
(2) 
The solution of the scattered field problem formulated here is 
obtained in the following sections by a method of integral equations in a 
manner similar to that used for the corresponding anti-plane problem in 
Ref. [lj. This method utilizes Green's functions corresponding to point 
sources in the uncracked layered half space. 
For this purpose we make use of Green's (divergence) theorem in the 
following form (for 3-D elasticity solution) 
II (uiA Tij,jA)dA = I (UiA TijB -uiB TijA)njds, (3) 
D aD 
where aD denotes the boundary of the finite region D that surrounds the 
crack and n is the outward unit normal to aD. Letting uA:u(s), uB:uL and 
~A:~(s), ~B_~T' respectively, where u(s) is the displacement of the-scat-
tered field and ~L' ~T denote the dilatational and rotational wave fields 
associated with the Green's functions, we can derive the potentials 
~(s)(~p), ~(s)(~p) for the scattered field. 
Then we can obtain the result: 
~(s)(~p) = 1 a ([ux(s) hzxL + [uz(s) h zzL )dx, 
lIkt2 
I O<zp<d 
-a 
1 a ([Ux(S)jTzxL + [uz(s)jTzzL)dx, --- I d<zp<" 
1I"kf2 
-a 
(4) 
1jI(s) (!p) 1 a ([Ux(S)jT zxT + [uz(s)jTzzT)dx, 
lIkt2 
! O<zp<d 
-a 
1 a ([Ux(S)jTzxT + [uz(s)jTzzT)dx, 
--- I d<zp<" 
1I"kf2 
-a 
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Fig. 1. Layered half space with interface crack and incident waves. 
in which 
luxes)] = lim Ux(s) - lim ui(s) 
z+d+ z+d-
[uz(s)] - lim uz(s) - lim u~(s) 
z+d+ z+d-
(5) 
and the integrals are taken along the crack and therefore the quantities 
TzxL, etc. are evaluated along z=d. 
Next we compute the interface tractions corresponding to the scat-
tered wave potentials and impose the traction free conditions on the crack 
face to obtain integral equations for determining the unknown crack open-
ing displacements and obtain the following pair of integral equations 
(6) 
where 
(7) 
and 
a a 
/ fx(x) dx = 0, / fz(x) dx .. O. (8) 
-a -a 
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The problem has therefore been reduced to the system of integral equa-
tions, which need to be solved for fx and fz for prescribed 'zx(i}, 'zz(i), 
and subject to the resultant conditions above. 
The integral equations we obtained appear to be of the first kind but 
the kernel functions contain infinite integrals which may have singulari-
ties. We know that the function A(k) has zeros corresponding to the 
propagating surface modes of the type studies in Ref. [3]. These roots 
may occur on or off the real k-axis and they determine poles in the com-
plex k-plane of the integrands in the kernels. We must determine their 
locations for given geometry, material parameters, and frequency and take 
them into account in our numerical solution. 
In addition to the zeros of A(k), we must investigate the behavior 
of the kernel integrands in the limit k ..... and k+O. Also, the multi-valued 
functions YL' YT' yt and Yr, defined as YL2 a kL2_k2, etc., have branch 
points at ±kL, ±kT, ±kt and ±kr, respectively. We choose the branches such 
that Re(YL) ) 0, Re(YT) ) 0 on the path of integration. 
Making use of the asymptotic expressions to remove the singularities 
from the kernels, we obtain the following integral equations 
a 
I 
-a 
a 
-i _~ M(xp,x)fz(x)dx - ~~, 'zx(i)(xp), 
a 
-i I 
-a 
(9) 
The kernels L(xp'x), M(xp'x) are regular, which means that the system has 
only Cauchy singularities. 
We next analyze the singular integral equations to determine the 
order of singularity in the solution functions fx(x) and fz(x). Here we 
follow the technique in Ref. [5] and define Fx(x) , Fz(x) through 
fx(x) = Fx (x)/(a2-x2)a, fz(x) = Fz (x)/(a2-x2)a, Ixl<a (10) 
where Re(a) < 1 and Fx ' Fz are Holder continuous. Using the result 
1 
= -n 
a fx(x) 
I --dx 
-a x-xp 
Fx( -a) cot (na) 
(2a)Q(a+xp)Q 
Fx(a)cot(nQ) 
(2a)a(a-Xp)Q (11) 
together with a similar result for fz(x), and Eq. (4.11), we obtain, by 
analyzing the dominant part and taking the limit xp+a (or Xp+-a), 
61Fx (a)cot(na) + 62Fz (a) = 0 
(12) 
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This system requires, for a nontrivial solution, 
°2 (-)2 sin2(1I'a) + cos 2(1I'a) = 0, 
°1 (13) 
which is the same as the equation that determines the stress singularity 
at the tip of an interface crack in static problems (see Ref. [7]). In 
fact, it can be shown that (for plane strain) 
(14) 
which is one of the composite parameters introduced in Ref. [8]. 
The solution for a is 
1 i -1 1 i (1+B) a = - ± - tanh ( B) = - + - In -. 2 'II' 2 2'11' I-B (15) 
Therefore, the well-known oscillating singularity occurs in the solution 
of the integral equations, unless B=O. If B=O, the crack tip singularity 
is 1/2, as in the case of a homogeneous material. We will restrict our 
numerical solution of the integral equations to this case. 
We now approximate the system of integral equations by a corresponding 
set of algebraic equations by first introducing dimensionless variables 
then decomposing the problem into its physically symmetric and anti-sym-
metric parts with respect to x. Next we recall the approximation formulas 
from Erdogan and Gupta6 , when the functions fx(x), fz(x) appear in inte-
grals with Cauchy kernels or with regular kernels. For functions appearing 
outside of integrals we use Lagrange interpolation polynomials together 
with the symmetries. Then we replace the integral equations with their 
algebraic approximation, which provides two complex (n x n) linear 
algebraic systems for determining the 2n complex unknown F S(ni ), F A(n.), S A ._ x X 1. F (n.), F (n.), 1. - 1,2, ••• ,n/2. 
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We are now ready to solve numerically the system except for the singu-
larity in the integrands of the integrals. These singularities are poles 
that occur in the complex k-plane at the zeros of ~(k). It was shown by 
Farnell and Adler 3 that in the "loading" case, for which the shear wave 
velocity of the layer is less than that of the substrate, only one Ray-
leigh-type pole occurs, and it is on the real k-axis. However, for the 
"stiffening" case, for which the substrate shear wave velocity is greater, 
more than one such pole may occur, depending on the frequency. In both 
cases, it is found (see Bogy and Gracewski 4), that the poles never occur 
in the fourth quadrant (Re(k»O, Im(k)<O) of the k-plane. 
Two different ways have been used by others for dealing with these 
poles. Kundu and Mal 9 use a technique of removing the singularities from 
the integrands. The other technique, used by Neerhoff 1 and Keer et al. 2 , 
merely deforms the contour of integration below the real k-axis so that 
no poles occur on the path of integration. We chose the later method in 
this work. 
NUMERICAL RESULTS 
Various numerical results can be obtained from our analysis. We shall 
restrict the presentation here to the dynamic stress intensity factors KI 
and KII' at the crack tips, due to an incident wave resulting from a 
harmonic uniform normal traction applied at the boundary z=O. 
Numerical calculations were carried out for three different material 
pairs: nickel/iron, aluminum/zinc, and nickel/gold. Both materials were 
considered as layer and substrate in each case. The material parameters 
were slightly adjusted in each case in order to satisfy the condition 6=0. 
The actual values for the material parameters used are given in Ref. [10). 
Figures 2a and 2b, respectively, show KI' and KII versus kid for 
various ratios of layer thickness d to crack half length for three sets of 
material combinations. One set is for a nickel layer with iron substrate, 
one set is for iron layer with iron substrate, and the third set is for an 
iron layer on a nickel substrate. The material parameters for these two 
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Fig. 3a. Mode I stress intensity Fig. 3b. Mode II stress intensity 
factor for Al/Zn. factor for Al/Zn. 
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materials are not very different and the computations for this case caused 
less difficulties than for other cases in which the materials are radically 
different. 
Figures 3a,b show KI and KII' respectively, as functions of kid for 
various values of dla for the case of an aluminum layer on a zinc sub-
strate. Figures 4a,b show the corresponding results for a zinc layer on 
an aluminum substrate. 
Finally, Figures 5a,b show KI and KII, respectively, as functions of 
kid for various values of dla for the case of a nickel layer on a gold 
substrate. Figures 6a,b show the corresponding results for a gold layer 
on a nickel substrate. This pair of materials had the greatest mismatch 
of material parameters of the three pairs considered. 
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